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Abstract. Classic scattering from objects of arbitrary shape must generally be treated by numerical methods. It 
has proven very diicult to describe scattering from general bounded objects without resorting to frequency-limiting 
approximations. The starting point of many numerical methods is the Helmholu integral representation of a given 
wavefield. From that point several departures are possible for constructing computationally feasible approximate 
schemes. To date, attempts at direct solutions have been rare. 
One method (originated by P. Waterman) that attacks the exact numerical solution for a very broad class of prob- 
lems begins with the Hefmholtz integral representations for a point exterior and interior to the target in a partial 
wave expansion. After truncating the partial wave space, one arrives at a set of matrix equations useful in describing 
the field. This method is often referred to as the T-matrix method, null-held, or extended integral equation method. 
It leads to a unique solution of the exterior boundary integral equation by incorporating the interior solution (ex- 
tinction theorem) as a constraint. In principle, there are no theoretical limitations on frequency, although numerical 
complications can arise and must be appropriately dealt with for the method to be computationally reliable. 
For submerged objects the formalism will be outlined for acoustical scattering from targets that are rigid; sound-soft 
and penetrable; elastic solids; elastic shells; and layered elastic objects. Finally, illustrations of several numerical 
examples for the above will be presented to emphasize specific response features peculiar to a variety of targets. 
Keywords. Scattering; electromagnetin; acoustics, matrix methods. 
INTRODUCTION 
This study reviews a general numerical method for determining 
classic wavefield scattering from an object by means of a known 
incident field. Here, the field can be an electromagnetic, an acoustic, 
or an elastodynamic field. By determining the disturbance the ob- 
ject makes in the field, we can in turn tell something about the 
object, which is the fundamental reason scattering is so important. 
Scattering is also a technique widely used in all branches of the 
classic and quantum mechanical realms of physics and is the prin- 
cipal method of determining both atomic and nuclear structure. In 
classic physics it can be used to classify submerged objects, to deter- 
mine anomalies in structures, to find oil and gas deep in the earth, 
and to identify flying objects. Pertinent examples of classic scatter- 
ing are cross sections (electromagnetic radar backscattering), active 
sonar (which can now include both forward and backward scatter- 
ing), nondestructive testing (for determining anomalies within an 
object), and geoseismic scattering (e.g., for oil and buried mineral 
exploration). 
The method described is a boundary integral technique in which 
the scattered field is determined by using a mathematical formula- 
tion that expands the unknown wavefield in an expansion on a known 
basis set (e.g., outgoing spherical waves). The basis set satisfies both 
the outgoing wave condition and asymptotic boundary conditions 
(such as the Sommerfeld radiation condition). The unknown quan- 
tity here is the (field) expansion coefficients; therefore, we reduce 
the problem (of finding the scattered wavefield) to that of determin- 
ing the value of the expansion coefficients in much the same way 
as the Gelerkin Rayleigh-Ritz methods (Fletcher, 1984). These basis 
states also satisfy additional boundary conditions, such as orthogonati- 
ty, for sufficiently large distances from the scattering object. Follow- 
ing the related nomenclature of scattering in nuclear physics, the 
coefficients ought here will be identified as “partial wave scatter- 
ing amplitudes” (Gaunaurd and Uberall, 1980), where “partial 
wave” refers to the fact that only a specific angular regime (or 
equivalent value of orbital angular momentum in nuclear theory) 
is isolated. 
A variety of methods can determine what these coefficients are. 
Perhaps the simplest of these is normal mode theory, sometimes 
called the method of characteristics, which is based on separation 
of variables (Bowman and Uslenghi, 1969). This method is thus 
valid only for separable geometries. If an elastic object is treated, 
then the only separable geometry is that of a sphere (Morse and 
Feshback, 1981), for a three-dimensional problem, and an infinite- 
cylinder for two-dimensional problems. In contrast 13 separable 
boundaries exist for acoustically impenetrable objects and are treatable 
by normal mode theory (Morse and Feshback, 1981). 
Another way of determining the scattering coefficients is via the 
direct solution of the integral equation. This method, however, can 
result in numerical singularities or spurious resonances, and appears 
to have limited applicability. 
An alternative in current use, which is particularly suited for com- 
putation by Finite Element Methods, is a class of techniques known 
as the weighted residual method (Fletcher, 1984). Here also numerical 
difficulties occur in the treatment of scattering, particularly when 
applied to scattering problems that require asymptotic boundary con- 
ditions. Such boundary conditions are difficult to satisfy with finite 
basis states and often result in spurious reflections. 
Another useful method is the conjugate gradient method (Golub 
and Van Loan, 1983), which has proven particularly useful when 
treating scattering from wedges (Davey et al., 1985) and proves useful 
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if the solution is approximatelv known and can be iterated raoidlv ._ . _ 
to the exact solution. The method we will review here, which may 
be viewed as a generalization of the normal mode theory, is the 
Extended Boundary Condition Method (EBC Method) of Water- 
man (1965). The following briefly develops the relevant heoretical 
relations and illustrates the EBC’s versatility by discussing arepresen- 
tative variety of classic scattering applications. Further extensions 
and improvements can be found in an article by Werby and Chin- 
Bing (1985). 
THEORY 
In this derivation, we begin with the Helmholtz wave equation (Eq. 
(l)), or, to more directly attain the desired results in this case, the 
equivalent Helmholtz boundary integral equation, often referred to 
as the Huygens-Poincare quation (Baker and Copson, 1950). 
V2U(r) + k21J(r) = -6(r) (1) 
Generally. the scattered wavefield problem is considered only at an 
exterior point of the bounded object. We are dealing with bound- 
ary integrals as indicated by Eq. (2a). Eq. (2a) defines the socalled 
exterior problem. If we look at some interior point using the 
Helmholtz equation, then the detected field is in fact extinguished, 
and we therefore obtain Eq. (2b). 
U = U’ + j fU+ aG - Ga+ U] l dF 
0 = U’ + j [U+ VG - G’3+ U] l d? 
Note that in this expression, we use U+ defined as the surface 
displacement, where G is the Green’s function for an outgoing wave. 
The exterior problem is thus clearly an inhomogeneous integral equa- 
tion of the second kind, which involves the exterior field u (which 
is unknown), the incident field ui (which is known), and the COT- 
responding surface quantities (which are to be found). ‘If we 
attempted to solve this equation without constraints, we would 
find that a unique answer cannot be obtained at certain discrete 
values of frequency, which corresponds to the eigenvalues of 
the interior problem. This difficulty can be avoided by using 
the interior solution as a constraint. Various techniques can 
overcome this difficulty. In particular, if we can “couple” the 
interior with the exterior solution, then one can show that a 
unique answer (free from fictitious eigenvalues) always exists. 
This interior-exterior solution coupling, together with the fact 
that an additional constraint is needed to mathematically 
eliminate the surface terms, prompted Waterman (1965) to use 
the solution to the Helmholtz integral equation of the first kind 
at an interior point. This equation had previously been discarded 
since it was thought not to correspond to any cases of physical 
interest. 
Following Waterman, we use partial wave basis functions as 
noted, and effectively reduce the problem to that of the solu- 
tion of systems of linear equations to within any desired limit 
of accuracy. To do this, it is necessary to represent the Green’s 
function in terms of a biorthogonal series composed of eigen- 
functions illustrated in Eq. (3). 
(3) 
where $, is a partial wave basis function. 
If we substitute Eq. (3) into Eqs. (2a) and (Zb), then we will obtain 
the partial wave equations, which result in Eqs. (4) and (5). 
Although it is still necessary to determine the surface terms, we 
can represent he surface displacement (or its gradient) in a series 
with unknown coefficients that is complete on the surface. These 
terms use the same basis functions as the partial wave states 
representing the biorthogonal series of the Green’s function. Upon 
substitution, we obtain a new set of equations, which reduce to a 
(linear) system of unknown coefficients (Ci) in Eqs. (6) and (7). 
A = iQC (6) 
F = - ReQC (7) 
These equations represent he coupling of the interior and exterior 
solutions required for a unique solution. We can eliminate the Cs 
appearing in Eqs. (6) and (7) which lead one to the transition matrix 
that relates the incident with the scatterd field. 
We now indicate the form of the matrix Q. Although in some cases 
they can be poorly conditioned, numerical evaluation of Q can never- 
theless be readily dealt with. We then obtain the result that F is 
equal to minus the regular part of Q times the inverse of Q times 
A. By definition of the T-matrix, this is in effect a mapping that 
maps A, the known incident held, onto the unknown scattered field; 
thus, T = -ReQ Q-‘. This expression, first developed by Water- 
man, is valid for both acoustically penetrable and impenetrable 
targets, as well as for a variety of inclusive targets imbedded in solids 
or fluids. 
We next consider the form of the Q-matrix for a rigid target (Eq. 
(8)) and a sound-soft arget (Eq. (9)) with a pressure release bound- 
ary conditions. 
We do not show derivations for the more complex problems, i.e., 
of fluid-elastic interfaces. The reason for their greater complexity 
is because they involve additional boundary conditions, and because 
the transition from the former to the latter involves a change from 
an N x N space to a 3N x 3N space, in which case the Q matrix 
is no longer diagonal (3N x I), and requires a judicious use of 
mathematical constraints to contract he system to an N x N matrix. 
This result is represented by Eq; (10) (see Bostrom, 1980). 
T = -[(R~Q)RP](QR~) - 1 WY 
The case of shells is even more complicated, in which case the T- 
matrix form is represented by Eq. (1 l), where the relations for the 
Qs and Ts are shown in Werby and Chin-Bing (1985). 
T = -(Q,,+Q,,T~) M-‘P[(Q~~+Q~~T,) M-‘P]-’ (11) 
where M = (ReR + RT2 + iT2) 
The quantity T, represents cattering from the inner shell for the 
case of more than one layer, and can be construed as representing 
scattering from one of these multiple layers. 
APPLICATIONS: NUMERICAL RESULTS 
We outline some applications of the extended boundary condition, 
or T-matrix method, for some representative cases of general physical 
interest. The background and the motivation for these examples 
is briefly provided. 
One physically graphic way of examming acoustic scattering is by 
using monostatic angular distributions, represented by Figure 1. This 
figure indicates a target scattering object, with source at the receiver 
point, so that source-receiver configuration is rotatable about the 
body, providing a 360° measurement of the backscattered target 
BOIJNDED OEJECTS 259 
souM;Rccehn SC&Seti 
FIG. 1. Illustration of monostatic nngukzr distribution. 
response. This, in effect, offers a direct geometric outline of the 
object at suitably high frequencies. For elastic targets materialspecific 
eigenfrequencies or resonances can also be determined. Here, we 
focus only on the geometric target information extracted from 
monostatic distributions. 
Figure 2a illustrates the case of a monostatic angular distribution 
for a rigid cylinder with hemispherical caps. Despite a fairly pro- 
nounced interference phenomenon, an outline of the object shape 
is stiJl plainly evident. The nulls observed here can in fact be described 
via a simple algebraic expression (Derby and Chin-Bing, 1985). As 
seen in Figure Zb, a spheroid givez a somewhat smoother and clearer 
outline (here, KLi2 = 15). Here K is the wavenumber and L is 
the length of the object. The nulls in this case, as before, result 
from destructive interference between half-integral wavelengths from 
the object extremities (whereas interior interference terms sum to 0). 
Figuer 2c represents the monostatic scattering distribution from a 
sound-soft spheroid. By contrast, the object here does not show 
strong interference phenomena, because a target with such a low 
acoustic impedence contrast does not generally induce much dif- 
fraction and tends instead to focus the scattered wavefield in the 
forward direction. 
Another interesting type of scattering analysis is illustrated in Figure 
3, which comprises the bistatic angular distributions. Such distribu- 
lG. 2~. Monostatic angular distribution o/ rigid cylinder with 
hemisphical caps with a length to width of 15 and a KU2 = 60. 
FIG. 2b. Monostatic angular distribution of rigui sphhd of lengt 
fo widfh of 15 and KU2 = I>. 
I 
FIG. 2~. Monostutic angular distribution of soft spheroid of lengt 
to width of 15 and KU2 = 30. 
I /’ 
FIG. 3. Iiiusfrafion of birtafic angular distribution. 
h 
tions were first widely used in nuclear physics (Goldberger and Wat- 
son, 1984). and are now currently applied in physical acoustics. Here 
the source at one or more points, as well as a single receiver otating 
about the object, covers an angular range of 360”. These distribu- 
tions are especially significant for elongated objects of high aspect 
ratio (length to width ratio). 
The figures below show bistatic results for a spheroidal object with 
an aspect ratio of 30 to 1, with KL/2 = 30. Figure 4a shows the 
bistatic scattering results for acoustic propagation along the 
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semimajor spheroidal axis. Figure 4b depicts scattering from 300 
from this axis and clearly shows two interesting phenomena: the 
diffracted wave, propagating in the direction of the incident field, 
and the reflected wave. The reflected wave comes off the object 
at an angle equal to that of the incident wave (analogous to-Snell’s 
law). The same behavior in Figure 4c repeats itself at 600 (with clearly 
diffracted and reflected lobe signatures). At w (socalled broadside 
scattering), a symmetric pattern is observed (see Fig. 4d), where 
response predominantly tends in the forward direction. Thus, the 
broadside incidence clearly results in the maximum object scatter- 
FIG. 40. Bistatic angular distribution for scattering along the axis FIG. 4c. Bistutic angular distribution/or scattering at 60’ relative 
o/ symmetry of a spheroid with length to width of 30 and to the axis o/symmetry of a spheroid with length to width of 
KU2 = 30. 30 and KU2 = 30. 
FIG. 46. Bistatic anguhr distribrrtionfor scattering at 30” rekztive FIG. 4d. Bistatic angular distribution for scatten’ng perpendicular 
to the axis of symmetry of o spheroid with length to width of to the axis o/symmetry of a spheroid with length to width of 
30 and KU2 = 30. 30 and KU2 = 30. 
ing response (due to maximal object cross-sectional rea) and the 
focusing properties of a cylinder-like object. 
Finally, we consider a purely backscattered field, by using the 
backscatter response, referred to as the form function. This quanti- 
ty is defined by the configuration of a single receiver conincident 
with a source where source frequency is varied regularly in a series 
of discrete steps over some bandwidth of interest. These resonance 
form functions are analogous to excitation functions used in atomic 
and nuclear physics (Goldberger and Watson, 1984), and are of in- 
terest, since they directly allow for determining resonances and cir- 
cumferentially diffracted waves characteristic of many objects. To 
consider an example, Figure 5 shows the response of a thin-steel 
spheroid of aspect ratio 3:l. Calculations were carried out for KLi2 
values that ranged from 3-18. Note that the minima followed by 
sharp rises correspond to resonance locations. These resonances can 
be shown to arise from standing waves on the object surface, which 
radiate 180° out of phase with those of the specular wave at the 
null and undergoes a rapid phase change with increasing phase, which 
results in constructive interference at the peak values. 
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